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Generalized algebraic framework for open spin chains 
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Depanment of Physics, Faculty of Nuclear Sciences and physical Engineering, Bkhov6 7,115 19 
Prague 1, Czech Republic 

Received 16 May 1994 

Abstract. An extension of the Sklyanin algebraic framework for construction of a commuting 
set of operators is presented. 'Ex conditions under which the operalors can be intepreled 
as integrals of motion of an open spin chain with boundary mnditions and nearest-neighbour 
interaction are investigated. An example b a d  on the symmetric six-vertex solutions of the 
YBE equation is given. 

1. Introduction 

At the end of the seventies the quantum inverse scattering method was developed (for a 
review see, for example, [l]). One of the systems where it was applied was periodic spin 
chain with nearest-neighbour interaction. The algebra, from which the Hamiltonian of this 
system as well as its integrals of motion were derived, is defined by the relations 

(1) 
where R is a matrix function R : U + End(V0 c3 VO) satisfying the Yang-Baxter equation 
(BE) 

R d ~ z  - u ~ ) R I ~ ( ~ I  - UJ)RIZ(W - uz) = R I Z ( ~ I  - uz)R13(~1 - ~ ~ ) R w ( u z  - ~ 3 ) .  (21 
The range U of the 'spectral parameters' U is usually the field of complex or real numbers. 

In 1988, Sklyanin proposed a method for constructing solvable models of quantum open 
(i.e. non-periodic) spin chains 121. The method is based on reflection-type algebras given 
by the relations 

R d u i  - Uz)MI(Ui)RdUI + uz)Mz(~z) = Mz(uz)Rlz(ul + uz)Ml(ul)Rlz(ui - uz) 
Rlz(uz - UI)K?(UI)RIZ(-UI - uz - W)K;(uz)  

R d u l  - uz)Li(ul)Lz(uz) = Lz(uz)Li(ul)Riz(ui - uz) 

= K;(uz)Riz(-ui - 112 - 2~)K?(ui)Riz(uz - ui) .  

In addition to the YBE, the matrix R was required to satisfy the conditions 

PizRiz(u)Piz = Riz(U) 

R?,(u) = RYz(u) 

Riz(u)Riz(-u) = ,&)1iz 

R~;(u)R;,(-u - Z V )  = ,ij(r0il2 
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5646 L Hlavav 

where t l , t z  mean the transposition in the first or second pair of indices of RI&) = 
[Ri,i,j~~z(u))~~~,,j~=l. Under these conditions it was shown that there is a set of mutually 
commuting elements that can be used for construction of the Hamiltonian for the open 
spin chain system with the nearest-neighbour interaction and boundary terms. Some of the 
conditions were later weakened [3] but they still remained rather restrictive. The purpose 
of this paper is to present a more general construction of open spin chains. 

2. The generalized construction 

The starting point is the associative algebra generated by elements M/(u), K((u), i, j E 
[ 1, . . . , 
A d u l ,  U Z ) M ( U I ) B I Z ( U I ,  U Z ) M Z ( U Z )  = Mz(uz)~Iz(~I, Uz)Mi(Ul)DiZ(Ul, UZ) (3) 

(4) 

where A ,  E , .  . . , 6 are matrix functions U x U + End(Vo x VO), i.e. A&,, UZ) = 
dim vo 

[A!'!'(ul,uz)}. 1111 '!.12.Ji.J*=I . . . Algebras of this type were 
investigated in a different context in [4]. 

Our first task is to identify the conditions for the numerical matrices A ,  E , .  . . ,5 that 
guarantee the existence of a commuting subalgebra which, when represented, will provide 
us with a commuting set of operators that eventually can be interpreted as the integrals of 
motion of a quantum system. 

Theorem I .  Let A is the associative algebra generated by elements Mil(,), K((u), relations 

= dim Vo) satisfying quadratic relations 

A I Z ( U 1 ,  uz)K:(ul )$z(ul ,  uZ)K;(uz) = K ; ( u Z ) ~ l z ( u l .  u z ) K : ( u l ) 6 l z ( u l ,  UZ) 

and similarly for E ,  C,. .., 5. 

(3). (4) and 

M(u1)Kz(uz )  = KZ(UZ)M(UI). 

If the matrices 2, E ,  e, 6, are related to A ,  B ,  C ,  D by 
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and relations ( 3 x 8 )  we get 
t(u1)2(uz) = trl(KIM,)trz(K*Mz) = .  , . = t r12(K:K2M;M2)  

= ~ ~ ~ ~ ( K ~ K Z ~ ~ ~ B ~ ~ M I ' M ~ ) / ~  = trlz[(K; ~ I ~ K ~ ) " ( M I B ~ ~ M ~ ) ~ ' J / ~  

- - trlz[(K'li I 12 KrZ 2 )  flf2AhhA I2 d~IB12MZ)l / ( i2 i )  

= ~ T ~ z [ ( ~ ~ ~ K ~ ~ ~ ~ K ~ ) " ~ ' ( A I ~ M I  BlzMz)] / ( i26)  

= t r l z [ (Kg l& ~12)(MZCIZMID12)~~~~I/(E~) 

= t r 1 2 [ ( K : : ~ 1 2 K f l ) ~ ~ ( M Z C 1 2 M l ) ~ ~ J / E  

= trl*[K:KIM;Ml] 

= tr12[K;M~KlM11 = t ( U Z ) t ( U I ) .  

0 

The fundamental property that enabled us to construct the operators describing integrals 
of motion of periodic spin chains was the possibility of defining a coproduct in the algebra 
(1). The commuting operators could then be expressed in the form 

= U[L(M(u)L(N-I)(U) " 'L(l)(u)l 
where tu) were matrices of operators acting non-trivially only in the space of the j th  spin. 
Even though it is not possible (in the unbraided categories) to define a coprcduct in the 
algebra A, we can use the algebra for the construction of spin chain operators due to the 
following covariance property. 

Theorem 2. Let B be the algebra generated by L(u)  = L:(u), N ( u )  = N;'(u), i ,  j E 
[ 1, . . . , & = dim VO} and the relations 

(11) 

(12) 

Aiz(ut, UZ)LI(UIWZ(UZ) = Lz(~z)LI(uI)AIz(uI, U Z )  

Diz@i, uz)N~(ui)Nz(~z) = N2(~2)Ni (~i)Diz(ui ,  uz) 

Nl(ul)Blz(ul, uz)Lz(uz) = LZ(~2)B12(Ulr uz)NI(uI) (13) 

L1 (ul)clz(ul, uz)Nz(uz)  = Nz(~z)c12(uI I U Z ) L l ( U l ) .  (14) 

A(Li (u ) )  = Lf(u) C3 L{(u) A ( N / ( u ) )  = N~(u) @@(U) (15) 

Then: 
(i) the algebra B can be turned into bialgebra by the coproduct 

and counit 

E(LJ(U)) = si' €&(U)) =si'. (16) 
(i) The algebra M generated by the M/(U) and relations (3) is the B-comodule algebra. 
The coaction on M is given by 

,3 : M M @ B ,3(M;'(u)) = Mi(u) (3 L f ( u ) N / ( u )  (17) 
which, with a slight abuse of notation, can be written as p ( M )  = M = L M N .  

Remark A similar covariance algebra can be defined for the algebra X: generated by 
K,'(u). 
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ProoJ The check of invariance of the relations (11x14) under (15),(16) is 
straightforward. The invariance of (3) under (17) is proved by 

A i z g i B i z M z  = A I Z L ~ M I ( N ~ E I Z L Z ) M Z N Z  = ( A I Z L I L Z ) M I E I Z N I M Z N Z  

= LzLi(AizMiB1zMz)NiNz = L Z L ~ M ~ C ~ ~ M ~ ( D I Z N I N Z )  

= LzMz(LiC1zNz)MiNI 0 1 2  = ~ L Z M Z N Z ) C ~ Z ( L ~ M I N I ) ~ I ~  

= &Cl&lDiz. 

0 

(As in the proof of theorem 1, we have omitted the explicit (UI, U?) dependence in the 
above formulae.) 

The importance of theorem 2 lies in the fact that it presents the possibility of defining 
a set of commuting operators composed from the operators acting non-trivially only in the 
spaces V, of single spin states. Indeed, if pi are the representation of l3 on the spaces V,, 
i = 1, . . . , N ,  then 

i ( u )  := (pl €4 PZ €4.  . ' € 4  pN) o ( A ~ - % L W  

* ( u ) : = ( p i  € ~ ~ ~ € ~ . . . € ~ P N ) o ( A ~ - ' ) ( N ( u ) )  

are operators that represent the algebra l3 on X-- VI*@ VZ €4 . . . €4 VN that is the Hilbert 
space of the system of N spins. The operators L(u) ,  N ( u )  can be written as 

i ( u )  = i ( N ) ( U ) ~ ( N - l ) ( U ) " ~ i ~ l ~ ( U )  (18) 

k(U) = kU)(U)fi(Z)(U) . ' . k ( N , ( U )  (19) 

i " ) ( U )  = 18 " ' € 4  1 € 4 p j ( L ( u ) )  €4 I@ ... €4 1 

&(U)= 1€4...~I€4pj(N(u))€41€4"'€4P. 

where 

The representations of l3 on V, such that dim V, = dim Vo , i = 1,2, . . . , N follow from 
theorem 3. 

Theorem 3. Let there be a, 6 E U such that the matrices A ,  E ,  C, D satisfy the equations 

A~Z(UI.UZ)A~~(UI,(~)A~~(UZ,(~) = AZ~(UZ,~)A~~(U~,~)A~Z(~~,~Z) (20) 

DlZ(U1.  UZ)DlS(UI .  ~ ) ~ 2 3 ( u z *  6) = Du(u2. QD13(UI> ~ ) D l Z ( U l ,  uz) (21) 

Di3(uil ~ ) B ~ ( U I ,  uz)Au(uz ,  U) = A u ( u z , ( ~ ) B i z ( ~ i ,  uz)D13(~1,8) (22) 

A i d ~ i .  a ) C d u i .  uz)Du(~z, 6) = W u z .  W i z ( u i ,  U Z ) A ~ S ( U I ,  a) (23) 
for all u1, u2 E U. (Note the unusual order of indices in (ZZ), (U).) 

Then the multiplicative map para : B + End(V0) 

[ p d L : ( u ) ) l k  = A&(u.OO (24) 

[ ~ d N : ( u ) ) l ~  = D : ( u , ~ )  (2) 
is a representation of the algebra l3 on a space V such that dim V = dim V,. 
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Proof: This is by direct check of relations (11x14) by means of (20x23). 

Remark. Note that full Yang-Baxter-type equations are not required in the theorem. It is 
sufficient if they are satisfied for single (a. 6 )  E U x U. 

If we find a representation U of A on 'H, then due to theorems 1 and 2 we get the set 
of commuting operators on 'H 

?(U) := Tr[u(K(u) ) i (u )u(M(u) )$ (u) ]  

from which the Hamiltonians can be extracted. The simplest possibility is given by one- 
dimensional representation of A. Assuming that there are numerical matrices m(u),  k(u) E 
End( V,) that satisfy relations (3). (4), we can choose 

u(M/(u)) = m!(u)ax 

?(U) = k [ k ( u ) i ( N ) ( u ) .  . . i(l)(u)m(u)fi(l)(u). . . $(N)(u)J 

u(K,!(u)) = k;(u)nx. 
Then 

(26) 
where the operator matrices L(k) and N(t)  act non-trivially only in the kth factor of the 
space 'H = VO €3 VO €3 .. , € 3  VO. 

The last goal we want to achieve is finding the Hamiltonian H of the open chain system 
with nearest-neighbour interaction and boundary terms. For that we need the so-called 
regularity conditions. 

Theorem 4. Let there be a one-dimensional representation of the algebra A by the 
numerical matrices m(u),  k(u) and the representation of B on Vi be pi = pa,& for all 
i E (1, .  . . , N } .  

AIZ(UO.(Y) = KPIZ DIZ(UO, 6 )  = APiz m(uo) = p a  tr[k(&o)l # 0 (27) 
where K .  A, p are constants and P is the permutation matrix, then 

If there is ug E U such that 

h o )  = / 4 W N t r [ k ( U o ) I 1 x  (28) 
and 

where the Hamiltonian H is a sum of operators acting non-trivially only on V I ,  5 @ 
j = 1,. . . , N - 1 and VN. 

ProoJ From (18), (19) and (24)-(27) we get 

i ( u )  = K ~ P ~ N P ~ " - ~ ,  . . . , pol Ej(u) = A " P O ~ P ~ ,  . . . , PON (32) 
from which (28) follows immediately. Similarly, (29)-(31) are obtained by differentiating 
(26). using (32) and the following identity on End(VfNtl): 

PO,"tIXO, = X"tl."PO."tl. 
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We can see that the open spin chains with fhe nearest-neighbour inferaction can be 
consfructedfrom rather general quadratic algebras defined by matrix functions A ,  B ,  C, D 
of two variables that: 
(i) satisfy the equations (203-(23); 
(ii) admit one-dimensional representation of A, i.e. numerical matrices m(u) ,  k(u) that 
satisfy (3), (4), where A, E, 5,6 are given by (9),(10); 
(iii) satisfy the regularity condition (27) for A, D and m(u), k(u). 

3. Example: the X X Z  model in a magnetic field 

The above theory suggests the following procedure for construction of the open spin chain 
models: 
(i) Take two solutions A ,  D of the YBE (of the same dimension). 
(ii) Find the matrices B ,  C that satisfy (22), (23). 
(iii) Solve equations (3), (4) for numerical matrices m(u), &U). 
(iv) Check the regularity conditions. 
(v) Evaluate the Hamiltonian (30), (31). 

chains and asymmehic six-vertex matrices 
In this section we are going to apply this procedure to spaces with dim = 2, i.e. spin-f 

where Ai = A i @ ,  U) , Di = Di(u,  U), i = 1.2, ..., 6. 
Inserting equation (33) into (22) we get a system of linea homogeneous equations for 

the elements of the marrix E .  Solving it by the standard method we find that if A1 # A3, 
A2 # A4, D1 # D3, Dz # D4. then there is a non-zero solution of (22) if and only if 

6 B2 B5 
B6 B3 

O O O E 4  
(37) 
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Note that the conditions (34) imply that either both the matrices A and D are free- 
fermionic, i.e. AF = 0, DF = 0, or non-freefermionic, i.e. AF # 0 , DF # 0 . 

We shall deal with the latter case because for the free-fermionic solutions usually 
tr[k(uo)] = 0 [71 and the formula (31) cannot be applied. Let A and D be non-symmetric 
solutions of the YBE 151 

(42) 
where (0 is an arbitrary function and D(u, U) is obtained from A(u, U) by 'p -+ 9'. 

The condition (34) reads 

p'(S)Zp(a)2 = 1 (43) 
and inserting A, D into (37)-(41) we get 

where w = u + u - a - 6 and p = 'p'(&(a). 

transformation A + D, a c) 6 or alternatively by U cf U, 2 c) 1 so that 
It is easy to see that the solution of (23) can be derived from that of (22) by 

C ( U ,  U) = Pi?(u, u)P  (45) 

The next step is solving the relations (3), (4) in terms of numerical matrices m(u),  &U). 
up to a scalar factor. 

If we are looking for the diagonal solution 

then equation (3) yields (for a suitable normalization of the matrices A, B ,  C, D )  only one 
equation for y(u )  = x ( u ) / t ( u ) ,  namely 

It can be transformed to the well known functional equation 

(Y(u)Y(u) - l)sin(u - U) = (Y(u) - Y(u))sin(u + U -a - 8 )  (47) 
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by the transformation 

The diagonal solution of (3) is then 

The equation (4) can be obtained from (3) by 60 + 119, p' -+ I/$, M(u) + K'(u) 
andchangingtheargumentsofsinbyu+ -u-qfor+6, U +  - u - q + o r t S .  Applying 
these transformations we find that 

( 0 
(50) 

p sin(& - U + 4 2  + 612 - q )  0 

cp(u)q'(u) sin& + U - 4 2  - 6/2 t q )  
k(a) = 

(6- and e+ in (49) and (50) are arbitrary constants). 
The regularity conditions (27) are satisfied if 

u o = f f = 8  

and the nearest-neighbour interaction Hamiltonian derived from (30), (31) is 

H = (2sinq)- 'c  (coshB(u;u;+, +U;U;+~) +isinhe(u;ultl -U;U,;~) 

N-1 

"=I 
N 

tCOSqu;cT;tl}+h ~ u ; t u ~ c o t ~ - t u ~ c o t ~ +  
"=I 

where 

This Hamiltonian is an open version of the XXZ model in the homogeneous magnetic field 
h and is an extension of the models presented in [2,3,8]. 

The non-diagonal matrices m(u), k(u) can be obtained only when p'(u)p(u) = constant. 
In that case we obtain a Hamiltonian with the boundary terms proportional to ux and uy, 
like in [9], but the external homogeneous magnetic field h vanishes. 

4. Conclusions 

The algebraic framework for the construction of integrable models can be extended to 
quadratic algebras whose 'structure coefficients' are given by a pair ofsolutions A and D 
of the spectral-dependant DE. 

No symmetries of the solutions are required but a certain compatibility between them 
must be satisfied in order that the algebras may have convenient covariance properties. 
In case of six-vertex models the Compatibility means that either free-fermion or non-ftee- 
fermion solutions can be used. 
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